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Abstract

Identifying and tracking community structures in complex networks are one

of the cornerstones of network studies, spanning multiple disciplines, from sta-

tistics to machine learning to social sciences, and involving even a broader

range of application areas, from biology to politics to blockchain. This survey

paper aims to provide an overview of some most popular approaches in statisti-

cal network community detection as well as the newly emerging research

directions such as community extraction with higher-order features and com-

munity discovery in multilayer and multiscale networks. Our goal is to offer a

unified view at methodological interconnections and the wide spectrum of

interdisciplinary data science applications of network community analysis.
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Statistical Learning and Exploratory Methods of the Data Sciences > Clus-

tering and Classification
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1 | INTRODUCTION

Community detection is one of the earliest and still most actively developing areas in complex network analysis,
attempting to shed an important light into intrinsic network organization. While the first methods for network commu-
nity detection go back to Kernighan and Lin (1970), Tarjan (1971), Bron and Kerbosch (1973), and Zachary (1977), now-
adays the area continues to attract the attention of researchers and data scientists in a broad range of disciplines, from
monitoring pre-election political communication, racial protest rhetoric on Twitter, and hidden trendsetters in online
media (Helal et al., 2017; Matuszewski & Szab�o, 2019; Tien et al., 2020; Weaver et al., 2018) to identifying parts of the
brain potentially affected by marijuana use (Brumback et al., 2016; Filbey et al., 2014; Hurd et al., 2019), to tracking
whale clubs, and grouping malicious addresses on blockchain (Akcora, Li, et al., 2020; Goldsmith et al., 2020). Such a
very diverse set of methods and applications of network community detection has resulted in a wide variety of surveys,
with some providing a broader overview while others focusing on a particular discipline, for example, social sciences or
physics (see Table 1).

Given the current vast and constantly increasing knowledge on community detection, the current paper as well as
any other survey cannot be considered as an exhaustive overview of the subject. The contributions of our paper are mul-
tifold and can be summarized as follows. First, there still exist noticeably fewer review papers addressing community
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detection from a statistical perspective which constitutes our primary focus. Second, our goal is to overview and high-
light some emerging interdisciplinary research directions in community detection such as methods based on higher-
order network structures, for example, network motifs, community detection in multilayer and multiscale networks,
and extracting communities in dynamic networks. Finally, we strive to offer an up-to-date overview of the approaches
and algorithms till 2020.

The remainder of this paper is organized as follows. In Section 2 we provide a background on complex networks
and the notion of community. We then proceed to the most widely used benchmark models in statistical community
detection, namely, stochastic block models (SBMs) (see Section 3) and Kronecker product graph model (KPGM) (see
Section 4). We discuss such emerging directions in community detection as methods based on higher-order network
structures and analysis of communities in multilayer and multiscale networks in Sections 5 and 6. Other popular com-
munity detection methods such as modularity-based, hierarchical, dynamic, and spectral clustering approaches are dis-
cussed in Section 7. Section 8 is devoted to community detection in dynamic networks. Section 9 describes future
directions of network clustering. Finally, the paper is concluded by a discussion in Section 10.

2 | BACKGROUND ON GRAPHS AND NETWORK COMMUNITY
DETECTION

Let G = (V, E, ω) be an undirected graph,1 where V is the set of nodes and E � V � V is the set of edges. The total num-
ber of nodes in G is, n = jVj. Here ω :V�V 7!ℝ is an edge weight function such that each edge euv ∈ E has a weight
ωuv. The corresponding n � n adjacency matrix A is defined by

Aij ¼
ωij, if i, jð Þ∈E
0, otherwise:

�

For an unweighted graph, the n � n adjacency matrix A is defined by Aij = 1 if (i, j) ∈ E and 0 otherwise. Let D be a

diagonal matrix of (weighted) node degrees, that is, di ¼Dii ¼
Pn
j¼1

Aij.

While there exists no unique, uniformly defined notion of the network community, community, or cluster, is con-
ventionally understood as a subset of nodes which tend to be more “similar” to each other (e.g., more densely
connected within a group) as compared to the rest of the network. Broadly speaking, under scenarios when no training

TABLE 1 A (non-exhaustive) list of survey papers on network community

Review paper Journal Research area

Fortunato (2010) Physics Reports A detail review of methods with special attention to the
contributions made by physicists

Malliaros and
Vazirgiannis (2013)

Physics Reports Communities in directed networks

Fortunato and Hric (2016) Physics Reports A user guide of community detection in networks (methods
mostly within statistical physics)

Bedi and Sharma (2016) WIREs Data Mining &
Knowledge Discovery

Communities in social networks

Zhao (2017) WIREs: Computational Statistics Theoretical advances of community detection in networks

Abbe (2018) JMLR Evolution of SBM for community detection

Rossetti and Cazabet (2018) CSUR Community discovery in dynamic networks

Lee and Wilkinson (2019) Applied Network Science SBM and extensions

Dakiche et al. (2019) Information Processing &
Management

Tracking community evolution in social networks
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data are available (i.e., in unsupervised settings), the process of community detection is primarily focused on par-
titioning nodes into groups (i.e., clustering), while a number of clusters may be either given a priori or be unknown
and, hence, to be estimated. In turn, community detection in supervised settings (i.e., in cases where there exists some
training data with labeled ground truth), the process of community detection primarily targets classifying
(i.e., predicting) community membership of the remaining nodes.

Figure 1 shows community structures in one of the most widely used benchmark datasets in complex network anal-
ysis, that is, Zachary's Karate Club network (Zachary, 1977), as well as the Twitter network of media user preferences
(Weng et al., 2013). Zachary's Karate Club describes the relationships in a university karate club. Figure 1a demon-
strates an example of community structure in Zachary's Karate Club with five communities. Communities among Twit-
ter users (Figure 1b) share the hashtags #BBC and #FoxNews. Blue nodes are #BBC users, red nodes are #FoxNews
users, and users who have used both hashtags are green. Node size is proportional to tweet activity, links represent
mutual following relations. Communities in both networks tend to exhibit denser internal links and noticeably sparser
connections in-between communities.

3 | STOCHASTIC BLOCK MODELS

Community detection methods developed in different disciplines, for example, social sciences, physics, biology, engi-
neering, and computer science often rely on disparate domain knowledge interpretation and varying validation metrics.
However, ideally, a “good” community detection algorithm should be not only validated empirically but also demon-
strate a reliable theoretical basis. Statistical methods for extracting communities in complex networks aim to address
this question by revealing the latent structure of the network based on model fitting and the associated statistical infer-
ence (Bickel & Sarkar, 2016; He et al., 2020; Lancichinetti et al., 2011; Saldaña et al., 2017; Sanna Passino &
Heard, 2020).

In this context, SBMs and their different extensions are arguably the most popular statistical models in network
community detection, going back to Holland et al. (1983) and Bui et al. (1984). SBM is a generative model that assigns a
probability value to each node pair i, j in the network and encodes specific assumptions on different latent or unknown
parameters and their interaction to create edges. SBM parameters can be interpreted with respect to certain hypotheses
about the network structure, for example, assortativity, or tendency of nodes to connect to similar nodes as the case in
many social interaction networks. Furthermore, the SBM framework allows to use likelihood scores to compare differ-
ent parameterizations or different models. The SBM framework also enables to estimate missing or future structures,
based on a partial or past observation of network. Figure 2 shows a schematic relationship between the observed net-
work and SBM framework.

FIGURE 1 Communities in social interaction networks. (a) Community structure in Zachary's Karate Club network. (b) Community

structure among Twitter users sharing the hashtags #BBC and #FoxNews. Reprinted (Twitter) figure with permission from Weng

et al. (2013)
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Conventionally, as input SBM takes a set of parameters θ = {k, Z, M} defined as follows:

• k: Each node i ∈ V of a graph G = (V, E) is assigned one of k communities, say {C1, C2, …, Ck}.
• Z: The class of each node is defined by a discrete latent variable Z = {z1, z2, …, zn}, a n � 1 vector, where zi = Cl if

node i belongs to class Cl, where, l = 1, 2, …, k.
• M: A k � k-(stochastic) block matrix, whereMℓr is the probability that a node in group ℓ is connected to a node in group r.

Any two nodes i ∈ Cℓ and j ∈ Cr are connected independently by an edge following Bernoulli distribution with
probability Mℓr, i, j ∈ {1, 2, …, n}, ℓ, r ∈ {1, 2, …, k}. That is,

Aij

�� zi ¼Clzj ¼Cr
� ��Bernoulli Mℓrð Þ: ð1Þ

Each node in a given group connects to all other nodes in the same way. Hence, nodes with the same label are
called stochastically equivalent. That is, the SBM generates Erdös–Ŕenyi random graphs within each community Cℓ,
with an internal probability given by Mℓℓ = Mℓ. If Mℓr ≡ p for all nodes i, j ∈ V, then SBM reduces to the Erdös–Ŕenyi
random graph model G(n, p). Figure 3 depicts an example of the relationship between three different groups (blocks).

For a given k and an observed network G, SBM can be used to infer the latent community assignments Z and sto-
chastic block matrix M. Under the Bernoulli assumption (Equation (1)) and given Z and M, the likelihood of the data
can be written as

ℒ GjM,Zð Þ¼
Y
i, jð Þ∈E

Mℓr

Y
i, jð Þ �∈E

1�Mℓrð Þ: ð2Þ

Sometime right-hand side of Equation (2) is written as
Q
i, jð Þ∈E

Mzi,zj

Q
i, jð Þ �∈E

1�Mzi,zj

� �
. Parameters of SBM and its vari-

ants

are typically estimated either using a class of spectral methods (see Section 7.4) or various maximum likelihood (Amini

FIGURE 2 Stochastic block model (SBM) defines a probability distribution over networks

Pr(Gjθ), where θ is the SBM's parameters. If the values of θ are chosen one can draw instances

from the corresponding distribution. In turn, for a given network G, the values of θ can be

estimated using statistical inference that best explain or reproduce the observed pattern of

connectivity. Reprinted figure with permission from Clauset (2013)

FIGURE 3 (a) Block decomposition of an undirected network on 15 nodes (numbered from 1 to 15), where the blue circles mark the

presence of connection, the empty circles mark the absence of connection. (b) Stochastic representation of block A in the network's block

decomposition. In block A, each node having a 50% chance to form an edge with another node in Block A (stochastically equivalence), a 42%

chance to form an edge with another node in block B, and an 80% chance to form an edge with another node in block C. Reprinted figure

with permission from Pavlovi�c et al. (2014)
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et al., 2013; Celisse et al., 2012; Nowicki & Snijders, 2001; Wang & Bickel, 2017) and modularity optimization tech-
niques such as semidefinite programming (SDP) (Amini & Levina, 2018; Cai & Li, 2015; Chen et al., 2018; Guédon &
Vershynin, 2016; Makarychev et al., 2016; Moitra et al., 2016; Qian et al., 2019; Zhao et al., 2012).

There have been developed many SBM extensions, falling under the general framework of the SBM family. One
such notable and widely used SBM modification is the class of degree-corrected stochastic block models (DC-SBM)
(Karrer & Newman, 2011). In the standard SBM, given Z and M, the expected degree for all nodes in the group is the
same. Hence, if the network has a skewed degree distribution, the maximum likelihood partitioning under the SBM
framework tends to group vertices by degree. The DC-SBM approach modifies the model in a way that allows nodes to
have arbitrary degrees, without having to force the combination of z and M to produce them. Furthermore, DC-SBM
adds a new parameter γj to each node that controls the expected degree of node j. The number of edges between a pair
of nodes i and j in the DC-SBM follows a Poisson distribution with mean γiγjMℓr. Hence, the likelihood function
becomes

ℒ Gjγ,M,Zð Þ¼
Y
i, j

Poisson γiγjMℓr

� �
:

Figure 4a shows a standard SBM places the five highest-degree nodes in one group and all other nodes in the other
group. However, DC-SBM (see Figure 4b) yields an inferred division that appears to be noticeably closer to the truth.

Another popular extension of SBM is a weighted stochastic block model (WSBM). WSBM is a generalization of the
standard SBM which allows for learning both from edge-existence and edge-weight information. In particular, WSBM
accounts for the adjacency matrix A = {Aij} ∈ {0, 1} as well as for d-dimensional edge covariates X = {xij} on the edges,
where X follows an exponential family distribution. The likelihood function of WSBM has a form of an exponential
family

ℒ GjM,Zð Þ/ exp
X
ij

T Aij
� �

:η Mℓrð Þ
 !

,

where T, η are fixed mappings, and Mℓr is the exponential family parameter (Aicher et al., 2014; Peixoto, 2018; Vu
et al., 2013). The WSBM framework has found its place in a broad range of diverse applications, from biology
(Faskowitz et al., 2018) to social sciences (Peixoto, 2018; Yenerdag, 2016).

To model network structures where nodes possibly belong to multiple communities, we can employ such SBM
modifications as, for instance, mixed membership SBM of Airoldi et al. (2008) and Li et al. (2016)) and overlapping
stochastic block model of Latouche et al. (2011), Anandkumar et al. (2014), and Peixoto (2015). Finally, Chien
et al. (2018) propose a d-wise hypergraph stochastic block model which extends SBM from graphs to d-uniform
hypergraphs.

FIGURE 4 Divisions of the karate club network based on estimated stochastic block model (SBM) with r = 2. (a) Uncorrected SBM and

(b) corrected SBM. The size of each node is proportional to its degree. The node color reflects inferred group membership and the dashed

line indicates the split observed in real life (truth). Reprinted figure with permission from Karrer and Newman (2011)
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The SBM and its extensions are arguably the primary choices for benchmark model for validating new community
detection methods (Funke & Becker, 2019; Ghasemian et al., 2019; Lancichinetti & Fortunato, 2009). The SBM family
also remains a very actively developing research area in network science and network applications, with some most
recent additions including SBM for multilayer complex networks (see Section 6), hierarchical SBM (see Section 7.2),
and dynamic SBMs (see Section 8).

4 | KRONECKER PRODUCT GRAPH MODEL

KPGM is a generative model, which uses Kronecker product operation and creates self-similar graphs, recursively
(Leskovec et al., 2005; Leskovec & Faloutsos, 2007). The KPGM produces networks where different properties of real
networks, for example, small diameters, heavy tails degree distribution, heavy tails for the eigenvalues and eigenvectors,
naturally emerge. In addition, KPGM is a mathematically tractable model that allows for rigorous analysis of network
properties (Leskovec, 2009; Leskovec et al., 2010).

The algorithm begins with an initiator graph K1, with N1 nodes and E1 edges, and then recursively produces larger
graphs K2, K3, … such that the kth graph Kk is on Nk = N nodes. If G1 and G2 are graphs with adjacency matrices A(G1)
and A(G2) respectively, then the Kronecker product G1 � G2 is defined as the graph with adjacency matrix A(G1) � A
(G2) (Weichsel, 1962). Edges in Kronecker-product graph can be defined as Edge (Xij, Xkl) ∈ G1 � G2 iff (Xi, Xk) ∈ G1

and (Xj, Xl) ∈ G2, where Xij, Xkl are nodes in G1 � G2, and Xi, Xj, Xk, and Xl are the corresponding nodes in G1 and G2.
Figure 5 depicts an example of Kronecker graph formation.

The stochastic version of KPGM is the stochastic Kronecker graph model, where each entry of the (stochastic) adja-
cency matrix gives the probability of that particular edge appearing in the graph (Leskovec et al., 2010; Seshadhri
et al., 2013). Extensions of KPGM also include, for instance, a tied KPGM which accounts for variance in network
populations (Moreno et al., 2010), a block-KPGM capturing a fractal structure observed in many real world networks
(Moreno et al., 2013), an enhanced version of the KPGM which uses random noise for smoothing (Seshadhri
et al., 2013), and a mixture-model based KPGM (Mahapatra & Chandola, 2015). Recently, Hao et al. (2019) study the
controllability of KPGM, while Ma et al. (2019) investigate the existence of restricted edge connectivity, that is, the mini-
mum number of edges whose deletion disconnects the graph, of KPGM.

Furthermore, Kim and Leskovec (2010, 2012) propose a generalization of KPGM, called multiplicative attribute
graph model (MAGM). As shown by Kim and Leskovec (2011), MAGM tends to reflect the power-law degree distribu-
tion and some higher-order graph statistics of real-world networks more accurately than KPGM. Pfeiffer et al. (2014)
introduce an extension of MAGM which models a network structure with correlated attributes. In turn, Radcliffe and
Young (2014) study theoretical properties, in particular, asymptotic bounds on the spectra of the adjacency matrix
and the normalized Laplacian matrix of MAGM. Finally, recently Qu and Makowski (2019) explore the existence or
absence of isolated nodes in MAGM.

FIGURE 5 Top row shows an initiator graph (K1) and its Kronecker product with itself. (a) Graph K1. (b) Intermediate stage. (c) Graph

K2 = K1
N

K1. Bottom row represents corresponding adjacency matrices. (d) Adjacency matrix of K1. (d) Adjacency matrix of K2 = K1
N

K1.

Reprinted figure with permission from Leskovec et al. (2010)
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5 | CLUSTERING BASED ON HIGHER-ORDER NETWORK STRUCTURES

Most currently available methods for the analysis of complex network organization and functionality tend to be based
on lower-order pairwise connectivity and consider the level of individual nodes and edges. However, recent studies indi-
cate that higher-order network substructures, for example, network motifs tend to play a critical role in understanding
organization and functionality of complex networks (Ahmed et al., 2016; Li & Milenkovic, 2017; Milo et al., 2002;
Pržulj, 2007; Stone et al., 2019). A motif is broadly defined as a recurrent multi-node subgraph pattern in a network
(Milo et al., 2002), and in case of induced subgraphs motifs are often referred to as graphlets (Pržulj, 2007). Both motifs
and graphlets have been originally studied in conjunction with cellular networks in bioinformatics (Milo et al., 2002;
Pržulj, 2007; Shen-Orr et al., 2002). Later the role of motif signatures has been assessed in the context of many disparate
network systems, including resilience quantification of power grid networks (Dey et al., 2019; Menck et al., 2014;
Schultz et al., 2014), transportation systems (Agasse-Duval & Lawford, 2018), and protein interactomes Zitnik
et al. (2019). Most recently, network motifs have demonstrated a high utility in describing hidden mechanisms behind
cryptocurrency trading dynamics (Abay et al., 2019; Dey et al., 2020) and money laundering on blockchain (Ranshous
et al., 2017). Figure 6 shows all 13 connected three-node directed motifs.

As noted by Watts and Strogatz (1998), higher-order network structures may often demonstrate a stronger signal of
the community existence than edges alone. Rather than using only network edge information, Benson et al. (2016) and
Tsourakakis et al. (2017) introduce community detection methods based on network motifs within a spectral clustering
framework (see Section 7.4). For a motif M of interest, the method first forms a motif adjacency matrix WM, whose (i, j)
entries, WMij, are the co-occurrence counts of nodes i and j in the motif M, that is, the number of instances of M that
contain nodes i and j. The next step is to compute the spectral ordering (σ) of the nodes from the normalized Laplacian
of WM. For a given motif M the aim is then to detect a cluster defined by S that minimizes the ratio as

ϕM Sð Þ¼ cutM S,�Sð Þ
min volM Sð Þ,volM �Sð Þf g , ð3Þ

where �S is the complement of S, cutM S,�Sð Þ is the number of instances of motif M with at least one node in S and one in
�S , and volM(S) is the number of nodes in instances of M that reside in S (Benson et al., 2016). Figure 7 shows a toy
example of the clustering method based on directed motif M7.

FIGURE 6 All 13 connected three-node directed motifs in a

network. Reprinted figure with permission from Benson et al. (2016)

FIGURE 7 Clustering of a network based on directed motif M7. Reprinted

figure with permission from Benson et al. (2016)
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Nowadays, community detection with higher-order graph structures is one of the most actively evolving research
directions (Chodrow & Mellor, 2020; Ribeiro et al., 2019), largely due to its high applicability in such emerging areas as
tracking trading patterns and e-crime detection on blockchain (Akcora, Li, et al., 2020; Jourdan et al., 2018; Ranshous
et al., 2017), assessment of organization and functionality of brain connectome (Battiston et al., 2017; Märtens
et al., 2017; Martinet et al., 2020; Meier et al., 2017), and analysis of the topology of transcriptional regulatory networks
(Roy et al., 2020). More recent methodological developments on community detection with higher-order network struc-
tures include, for instance, Li et al. (2017) who analyze motif based clustering for social networks and Li and Mil-
enkovic (2017) who discuss inhomogeneous hypergraph clustering for learning hidden high-order network
organization patterns. In turn, Huang et al. (2019) introduce a community detection method for multilayer networks
based on multilayer motifs (M-motif). Finally, Li, Huang, et al. (2020) propose a motif-based label propagation method
for community detection, while Mémoli and Pinto (2020), armed with the notion of motifs, advance hierarchical clus-
tering to directed networks. Other recent examples of motif-based community detection in network include Arenas,
Fern�andez, Fortunato, and Gomez (2008), Tsourakakis et al. (2017), Li, Huang, et al. (2019), and Huang et al. (2019).

6 | COMMUNITY DETECTION IN MULTILAYER, MULTISCALE AND
HYPERGRAPH NETWORKS

Many man-made systems, for example, critical infrastructures integrating power grids, transportation, telecommunica-
tion, and other vital societal functions, as well as natural phenomena such as socio-environmental ecosystems and
virus–host interactome exhibit a sophisticated, highly interdependent structure (Bachmann et al., 2020; De Domenico
et al., 2016; Messina et al., 2020; Pilosof et al., 2017; Tang et al., 2015). Such interdependency can be, in turn, modeled
as a multilayer graph, leading to an increasing spike of interest in complex multilayer networks.

A multilayer network, G, consists of m non-overlapping layers G¼ G1,G2,…,Gmf g, where each layer Gi is modeled
with a single-layer Gk = (Vk, Ek), k = 1, …, m. Here, jV(Gk)j and jE(Gk)j are the numbers of nodes and edges of layer k,
respectively. The edges E(Gk) refers to within-layers or intralayer links. The multilayer network G consists of a total ofPm
k¼1

V Gkð Þj j nodes. In addition, G has a set EI Gð Þ of interlayer links which connect nodes across layers, that is, for each

edge u,vð Þ∈EI Gð Þ we have u ∈ V(Gk) and v ∈ V(Gl) for k ≠ l (Kivelä et al., 2014; Takes et al., 2018; Wider et al., 2016). The
adjacency matrix of the multilayer network G, which is referred to as supra-adjacency matrix, can be represented with a
block-matrix structure, where diagonal elements represent within-layer links and off-diagonal elements represent cross-
layer links. Figure 8 represents a simple illustration of a three-layer multilayer network with uniform interlayer weights.

Similar to the case of unilayer networks, the objective of community detection in a multilayer network is to
unveil meaningful patterns of node groupings and to partition nodes into communities. However, several new chal-
lenges arise for community detection in multi-layer graphs. Every single layer represents distinct meaningful infor-
mation from its own perspective. For example, in a case of critical infrastructures the first layer may corresponds to
a power system, the second layer may represent a transportation system, while the third layer may be a telecommu-
nication sector, and most importantly, all these layers are also tightly interconnected (Fügenschuh et al., 2021; Yang
et al., 2021). Hence, we now deal with community detection not in a single network but in a network of networks,
requiring to exploit and fuse multiple aspects of disparate, yet interdependent sources of information. While some
community detection methods discussed in the previous sections can be extended to the analysis of multilayer net-
works, extracting multilayer communities poses many new challenges due to nontrivial heterogeneous interlayer
and intralayer dependencies and yet remains a substantially less developed area in complex network analysis
(Amelio et al., 2020; Contisciani et al., 2020; Yuvaraj et al., 2021). Figure 9 shows a schematic representation of
communities in a multilayer network.

According to Tagarelli et al. (2017), we can classify the existing community detection methods for multilayer net-
works into three main categories: flattening methods, aggregation methods, and direct methods. Flattening methods con-
vert the multilayer network to a single-layer network (flatten) and then apply any conventional community detection
method (Berlingerio et al., 2011; Rocklin & Pinar, 2013). Aggregation methods, first, detect a community structure for
each layer separately, after that an aggregation mechanism is used to combine each layer community structure
(Berlingerio et al., 2013; Burgess et al., 2016). Direct methods work on the input multilayer network directly and evalu-
ate a community structure by optimizing community-quality assessment criteria (De Domenico et al., 2015; Kuncheva &
Montana, 2015; Mucha et al., 2010).
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To detect communities in multiplex networks, that is, a particular case of multilayer networks where nodes cannot
be connected with other nodes in other layers, Arinik et al. (2020) consider a signed graph and employ the concepts of
spectral clustering (see also Section 7.4). In turn, Hidalgo and Ma (2018) develop multilayer NCut clustering approach,
with a particular focus on applications to multilayer omics data.

Vallès-Català et al. (2016), Paul and Chen (2016a), and Barbillon et al. (2017) extend the SBM framework to multi-
layer networks and refer the proposed extended model as multilayer stochastic block model. Similarly to the standard
SBM model for unilayer networks (Equation (1)), for each m, conditioned on the community assignments of the nodes
zi and zj, the edges are formed independently following a Bernoulli distribution with probability P(i, j), where,
P i, jð Þ∈Gmj zi ¼Cℓ,zj ¼Ck

� �¼Mm
lk , i, j ∈ {1, 2, …, jV(Gm)j}, ℓ, k ∈ {1, 2, …, r}.

Null models based community detection in multilayer networks are described in Bazzi et al. (2016), Paul and
Chen (2016b), and Pamfil et al. (2019). Kumar et al. (2010), DeFord and Pauls (2019), Znidi et al. (2019), Mercado
et al. (2019), and Paul and Chen (2020) employ spectral methods (see Section 7.4) for clustering multilayer networks.
Extracting overlapping communities in multiplex networks is considered by Afsarmanesh and Magnani (2016). Finally,
recent results of Huang et al. (2019) extend the motif based approaches described in Section 5 to M-motif methodology
for community detection in multilayer networks.

Multiscale network analysis is an emerging field in network sciences which investigates functionality and inter-
dependency among different network components at various scales, for example, topological, temporal, and spatial
scales. Such multiscale extensions of complex network appear in many domains of knowledge, including brain science
(Ashourvan et al., 2019; Betzel et al., 2016; Betzel & Bassett, 2017) (e.g., Figure 10 shows brain network across three dif-
ferent scales), omics studies (Li et al., 2008), engineering (Gao et al., 2016), and environmental sciences (Agarwal
et al., 2017). For instance, Mucha et al. (2010), Betzel et al. (2013), Garcia et al. (2018), and Peel et al. (2018) discuss
applications of multiscale complex networks and assess evolution of community structures over a range of different
scales.

Besides the methods discussed above, some other most recent developments in the community detection methodol-
ogy for multilayer and multiscale networks include, for instance, community extraction in critical infrastructure net-
works (Li, Dong, & Mostafavi, 2019; Yildirimoglu & Kim, 2017) and temporal multilayer networks (Al-sharoa
et al., 2019; Bazzi et al., 2016; Vajdi et al., 2020).

FIGURE 8 A multilayer network (left) with (unweighted) intralayer connections (solid lines) and (weighted, ω) interlayer connections

(dashed curves) and its “supra-adjacency matrix” adjacency matrix (right). Reprinted figure with permission from Bazzi et al. (2016)

(Copyright ©2016 Society for Industrial and Applied Mathematics. All rights reserved)

FIGURE 9 Communities in a multilayer network. Reprinted figure with

permission from Ashourvan et al. (2019)
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Another actively developing research direction is the clustering of hypergraph data. A hypergraph is a generalization
of a graph in which an edge can connect any number of nodes (called hyperedges), whereas, in a standard graph, an
edge connects exactly two nodes (Berge, 1985; Bretto, 2013; Estrada & Rodríguez-Vel�azquez, 2006; Ouvrard, 2020;
Voloshin, 2009). Hypergraphs are used in many areas, for example, in collaboration networks (Grossman & Ion, 1995),
in chemical reactions (Temkin et al., 1996). Hypergraphs are also used in 3D-object retrieval and in image analysis
(Gao et al., 2012; Wang et al., 2018; Zhu et al., 2015). Figure 11 shows an undirected hypergraph with nine nodes and
four hyperedges.

Figure 12 represents two hypergraph examples: the left panel represents a music style hypergraph and the right
panel represents a tag hypergraph (Wang et al., 2009). There are five common nodes in these two hypergraphs, which
are “Angola Bond,” “Who is he,” “Dangerous,” “Pleasure,” and “Strip.” The regions of different colors correspond to
different hyperedges. Notice that the number of hyperedges correspond to music styles is four and the number of
hyperedges correspond to music tags is three.

FIGURE 10 Multiscale brain networks. The networks are organized across multiple spatio-temporal scales and also can be analyzed at

topological (network) scales ranging from individual nodes to the network as a whole. Reprinted (adapted) figure with permission from

Garcia et al. (2018)

FIGURE 11 A hypergraph with four hyperedges: E = {{v1, v2,

v3, v6}, {v2, v3, v4, v5}, {v6, v7, v8, v9}, {v5, v8, v9}}. Reprinted figure with

permission from Gao et al. (2015)
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Clustering of hypergraphs can be approached using spectral methods (see, e.g., Zhou et al. (2006)). Many
hypergraph clustering methods are based on the smallest possible hyperedge size. However, Purkait et al. (2017) intro-
duce a hypergraph clustering algorithm based on large hyperedges. Most recently, Kumar et al. (2020) propose an itera-
tively reweighted modularity maximization algorithm for hypergraph clustering, while Takai et al. (2020) develop a
clustering algorithm based on personalized PageRank on hypergraphs.

7 | OTHER POPULAR METHODS

7.1 | Modularity-based clustering

Modularity is one of the fundamental concepts in network community detection which can be viewed as a score that
computes the difference between the observed structure of the network and the expected structure under some random
(null) network model (Girvan & Newman, 2002; Hartwell et al., 1999; Ravasz et al., 2002). That is, in maximizing mod-
ularity, we compare the actual connections in a static or time-dependent network to the connections obtained from a
random-graph ensemble that acts as a null model.

The most popular modularity optimization algorithm is proposed by Girvan and Newman (N–G model)
(Newman, 2004, 2006). Let ci and ki denote the membership and degree of node vi, respectively, m is the number of
edges in the network, then modularity Q is defined as

Q¼ 1
2m

X
ij

Aij�kikj
2m

� 	
δ ci,cj
� �

,

where δ(ci, cj) = 1 if ci = cj and 0 otherwise, Aij is the number of edges between nodes vi and vj, kikj/2m is the expected
number of edges between nodes vi and vj.

In the N–G null algorithm, the idea is to repeatedly merge two communities, leading to the largest increase in Q,
This iterative procedure produces a dendrogram which shows the hierarchical decomposition of the network, and the
stopping point is identified by modularity peak. The N–G null algorithm is computationally expensive and the compu-
tational complexity of the algorithm is O m2nð Þ . Clauset et al. (2004) propose a greedy optimization of modularity to
detect communities in large networks. Blondel et al. (2008) introduce a simple and efficient method for identifying com-
munities in large networks. This method is commonly known as Louvain method for community detection, and the
computational complexity of the method is O n:log2n

� �
. However, modularity optimization methods suffer a resolution

limit and fail to detect small communities in larger networks (Fortunato & Barthélemy, 2007; Kumpula et al., 2007). To
address the issue of the resolution limit, Arenas, Fern�andez, and Gomez (2008) propose a resistance parameter (self-
loop) to every node. In turn, Reichardt and Bornholdt (2006) and Lancichinetti and Fortunato (2011) describe a param-
eter that can control the relative importance between within links of the communities and the null model. Recently,
Hollocou et al. (2019) propose a relaxation of the modularity maximization problem which assigns each element of the
dataset a probability to belong to a given cluster, whereas a solution of the standard modularity problem is a partition.
Furthermore, Combe et al. (2020) develop modularity based clustering for complex networks with node attributes.

FIGURE 12 Examples of the music style (left) and tag (right) hypergraphs. Reprinted figure with permission from Wang et al. (2009)
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Finally, there are multiple results on modularity optimization using SDP and other relaxation methods in conjunction
with SBM (see Section 3).

7.2 | Hierarchical clustering

Hierarchical clustering methods are based on building a hierarchy of clusters, which is often represented by a tree struc-
ture called a dendrogram. Hierarchical clustering can be divided into two main types: agglomerative and divisive. In
agglomerative algorithms, clusters are iteratively merged if their similarity is sufficiently high. In divisive algorithms,
the clusters are iteratively split by removing edges connecting nodes with low similarity.

Let Xi and Xj be any two subsets of X. The distance between Xi and Xj, Δ(Xi, Xj), is called linkage distance
(Nielsen, 2016). There are many linkage function, for example, single linkage, where Δ Xi,Xj

� �¼minxi∈Xi,xj∈Xjd xi,xj
� �

,
complete linkage (or diameter), where Δ Xi,Xj

� �¼maxxi∈Xi,xj∈Xjd xi,xj
� �

, and average linkage, where

Δ Xi,Xj
� �¼ 1

Xij j Xj

�� �� X
xi∈ Xi

X
xj∈ Xj

d xi,xj
� �

,

where d(xi, xj) is basic distance (e.g., Euclidean distance) between any two elements of X.
Due to its flexible data-driven and model-free framework allowing to easily visualize the obtained node partitions,

hierarchical clustering has found its place in many applications of network sciences. For example, Liu, Yao, and
Zhao (2020) use hierarchical clustering in fMRI data. Jasi�nski et al. (2020) apply hierarchical clustering for power qual-
ity measurements in a power grid network. Bandyopadhyay and Coyle (2003) design an energy efficient hierarchical
clustering algorithm especially for wireless networks, while Brzoska et al. (2020) investigate partitions of the German
cattle trade network using hierarchical SBM.

Furthermore, hierarchical clustering is often combined with other methods for complex network analysis. For
instance, most recently Mémoli and Pinto (2020) describe hierarchical clustering method for directed network based on
the concept of network motifs (for more details about motif based community detection see Section 6). Côme
et al. (2020) introduce a hierarchical clustering which combine discrete latent variable models and classification likeli-
hood. In turn, Lyzinski et al. (2017) propose a community detection method based on hierarchical SBMs, while Paez
et al. (2019) introduce a hierarchical SBM for community detection in multiplex complex networks (for more details
about community detection using stochastic block models see Section 3).

7.3 | Walk-based algorithms

The idea in a walk-based clustering algorithm is that nodes within the same community should be reached through rel-
atively shorter path than the average path in the network. Rosvall and Bergstrom (2008) employ maps to describe the
dynamics across the edges and nodes in networks that represent the local interactions among the subunits of a system
(this method is commonly known as Infomap). Infomap uses a random walk as a proxy for the information flow and
Huffman code (Huffman, 1952) to assign short codewords to common objects and long codewords to rare objects. Such
an approach is applicable to weighted directed and undirected networks.

Pons and Latapy (2005) propose a clustering algorithm, called Walktrap, where the similarity between nodes is com-
puted based on random walks. At each step, a walker is on a node and moves to a node with a random walk process
(Markov chain), chosen randomly and uniformly among its neighbors. At each step, the transition probability from
node i to node j is Pij = Aij/di. The probability of going from i to j through a random walk of length t is defined as Pt

ij .
That is, Pt

ij is the probability to go from i to j in t steps. The distance metric r to measure node similarities is defined as

rij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn
k¼1

Pt
ik�Pt

jk

� �2
d kð Þ

vuuut :
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rC1C1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn
k¼1

Pt
C1k�Pt

C2k

� �2
d kð Þ

vuuut :

The Walktrap algorithm uses hierarchical clustering algorithm to find community structures based on distance met-
rics rij and rC1C1 . Wei et al. (2009) propose a random walk based clustering algorithm (DOCS) to detect, especially, over-
lapping network communities.

Recently, Okuda et al. (2019) consider a restrained random-walk similarity measure to detect communities in a
graph, where the starting nodes of random walks are grouped in the same community if the walkers pass similar sets of
nodes. In turn, Hua et al. (2020) introduce a random walk gap mechanism for a signed graph. This method constructs
two random walks, a random walk graph on positive edges, and a random walk graph on negative edge in the signed
networks. Clustering is then conducted using the gap between these two random walk graphs. More generally, cluster-
ing based on similarity of various random walks, including Levy Flights (Michelitsch et al., 2019; Riascos &
Mateos, 2012) constitutes one of the most promising and actively developing research directions.

7.4 | Spectral clustering

Due to its computational performance and tractability, spectral clustering is one of the most popular methods for net-
work community detection. In spectral clustering the idea is to embed a graph G into some Euclidean space of lower
dimension, for example, ℝk, k with k�n, where n is the number of nodes (Chung & Lu, 1997). That is, as a result of
such embedding we no longer deal with a graph structure but with its representation in a linear space. In particular, let
k be a given number of clusters, and let x�j, j = 1, …, k, be orthogonal eigenvectors of the Laplacian L, corresponding to
the k largest eigenvalues. Form an n � k-matrix X = [x�1, …, x.K], where each row of X, xi ≡ xi�, provides a representa-
tion of a node in V in ℝk. We now cluster the resulting n sample points in ℝk using any appropriate classifier, such as,
for instance, k-means, k-medians, or k-medoids (von Luxburg, 2007). If the number of clusters k is unknown, which is
typically the case in most applications, an optimal k can be identified from an eigengap analysis, for example, a scree
plot of leading eigenvalues. Alternatively, crossvalidation arguments as well as hierarchical divisive or agglomerative
clustering can be employed to identify optimal k (Chen & Lei, 2018; Garcia, 2016; Li, Levina, & Zhu, 2020).

A k-means algorithm is one of the primary tools within the spectral clustering framework. Given data points
xif gn1 ,xi∈ℝp, group the data xif gn1 into k clusters C = {C1, …, Ck} in such a way that the within-cluster sum of squares is
minimized, that is

argmin
C

Xk
k¼1

X
x∈Ck

x�μkk k2,

where μk is the kth group mean and jjx � μkjj2 is the squared Euclidean distance between x and μk. Consistency and
other theoretical properties of spectral clustering under SBM have been studied, for example, by Rohe et al. (2011), Lei
and Rinaldo (2015), Zhang and Zhou (2016), and Bhattacharyya and Bickel (2016), while theoretical analysis under
degree-corrected SBM includes, for instance, Lyzinski et al. (2014), Gulikers et al. (2017), and Gao et al. (2018) (see
Zhao, 2017; Zhou & Amini, 2019 and references therein for a more detailed discussion of theoretical results of network
spectral clustering). In turn, Leskovec et al. (2008) study the empirical performance of spectral clustering for commu-
nity detection as a function of network order, that is, number of nodes.

However, many real world networks exhibit a phenomenon of an unbalanced structure with sparse connectivity but
low diameters. That is, the majority of nodes in such sparse networks have only a few edges while some small number
of nodes are highly linked. Such phenomena raise an issue of anomalies or outliers in network community detection,
resulting in decreased network detection performance.

The idea of regularization in this context is to diminish the impact of low degree nodes, by viewing them as outliers
and shrinking them toward the center of the spectrum. As a result, regularization leads to a higher concentration of the
Laplacian. There are a number of regularization procedures ranging from brute-force trimming of outliers to sophisti-
cated methods that are closely connected to regularization of covariance matrices (Le et al., 2017). One of the most
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popular approaches, by analogy with a ridge regularization of covariance matrices, is to select some positive parameter
τ and add τ/n to all entries of the adjacency matrix A (Amini et al., 2013), that is

Aτ ¼Aþ τ

n
J,

where J = 11
T, 1 is n � n-matrix with all elements 1. The resulting regularized Laplacian then takes a form

Lτ ¼D�1=2
τ AτD

�1=2
τ ,

where Dii,τ ¼
Pn
j¼1

Aijþ τ . The optimal regularizer τ can be then selected by minimizing the Davis–Kahan bound, that is

the bound on the distance between the sample and population Laplacians (Dall'Amico et al., 2020; Joseph & Yu, 2016; Le
et al., 2017; Nadler et al., 2009). Cao and Chen (2011) study the consistency of the regularized spectral clustering algorithm,
while Cao and Chen (2012) and Yang et al. (2019) evaluate error analysis on graph Laplacian regularized estimator.

However, there are a number of challenges associated with such an approach. First, selecting an optimal regularizer
τ tends to be computationally expensive. Second, the impact of small and weak network communities on regularized
spectral graph methods for sparse networks may be nontrivial (Cai & Li, 2015) and this regularizer makes this approach
much more difficult to apply sparse eigen-methods. Finally, the conventional k-means method is known to be sensitive
to various types of outliers and anomalies, both in conjunction with network studies and multivariate analysis (Baruri
et al., 2019; García-Escudero & Gordaliza, 1999; von Luxburg, 2007).

To address the sensitivity of spectral clustering to outliers in complex networks, there has been developed and ana-
lyzed multiple approaches, including, for example, k-medians (Lei & Rinaldo, 2015), various local algorithms Chen
et al. (2016), and penalized k-means (Banerjee et al., 2019). Although these algorithms are more robust compared to k-
means, similarly to k-means most of these methods do not account for the underlying geometry of the network data.

To address these challenges, Tian and Gel (2017) introduce the concept of nonparametric data depth (Mosler, 2013;
Vardi & Zhang, 2000; Zuo & Serfling, 2000) into network analysis, particularly, within the spectral clustering frame-
work and propose a k-depths algorithm for identifying network community structures. The key idea behind k-depths is
to employ a data depth function, simultaneously accounting for the intrinsic network geometry, anomalies, and out-
liers, as the primary community cohesion metric rather than the Euclidean distance among node pairs as in k-means
and k-medians. Figure 13 shows a schematic representation of the gains delivered by the k-depths approach in the pres-
ence of outliers. Dey et al. (2017) discuss the utility of k-depths based on various data depth functions, in application to
optimal islanding (clustering) of power grid networks and show that spectral clustering with data depths tends to out-
perform spectral clustering with k-means in terms of k-way expansion. Figure 14 shows the partitioning of the Italian
grid into five zones, based on k-means and spectral clustering with k-depths (with L1 and Mahalanobis depth functions).
In turn, Tian and Gel (2019) propose spectral clustering of complex networks based on the notion of data depth in

FIGURE 13 Clustering with the presence of outliers (in red). Green stars represent community centers yielded by k-means (left panel)

and depth-based clustering (right panel). Reprinted figure with permission from (Tian & Gel, 2019)
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supervised settings, using tools of the Depth versus Depth (DD(G)) classifiers (Cuesta-Albertos et al., 2017; Li
et al., 2012). Finally, Zhang et al. (2021) integrate the depth concept into the analysis of communities of complex net-
works with multiple attributes. The results of Tian and Gel (2019) and Zhang et al. (2021) indicate that data depth-
based approaches for network community detection may yield noticeable gains in performance accuracy comparing to
regularized spectral clustering, especially for sparse networks and in the presence of outliers.

Some most recent research directions on spectral clustering for complex networks include, multiway spectral cluster-
ing (Damle et al., 2018; Lee et al., 2014; Riolo & Newman, 2014), approximation algorithms for Cheeger ratio (Louis
et al., 2011; Trevisan, 2013), recovery of overlapping communities in large-scale networks (Van Lierde et al., 2020;
Zhang et al., 2020), as well as in multilayer and dynamic networks (see Sections 6 and 8, respectively).

8 | COMMUNITY DETECTION IN DYNAMIC NETWORKS

Most network community detection approaches focus on static networks, that is, a network representation at a certain
fixed time point. However, such a scenario is often too simplistic to model the ever changing nature in the real world.
In fact, temporal factors play an important role in characterizing network structure, that is, nodes/entities and edges/
interactions may appear, disappear, merge, or continue as time progresses. The dynamic network with temporal dimen-
sion aggregates features from both evolving nature and features from entities and interactions and hence conveys criti-
cal information about the underlying community structure of the network. The goal of this section is to introduce a list
of methods which are dedicated to tracking network topology and uncover community structures.

In particular, we introduce two different definitions of dynamic networks, depending on temporal granularity.

• Temporal network: A temporal network is defined as G = (V, E, T), where V is a set of triplets with the form (v, ts, te),
v is a node in the network, ts, te ∈ T are birth and death timestamps of node v, and ts < te. E is a set of quadruplets (u,
v, ts, te), u, v are nodes in the network, ts, te ∈ T are birth and death timestamps of the corresponding edge, and ts < te.
If the original data include accurate temporal information, like friend network, e-mail network or phone call net-
work with exact timestamps, the temporal network will provide a fine representation of the data and a precise math-
ematical object for the following analysis.

• Snapshot network: A snapshot network is defined as an ordered set < G1, G2, …, Gt >, where Gi = (Vi, Ei) is the net-
work at time i or the aggregation of observed interactions during the certain time period.
Snapshot network contains aggregated data, the analysis complexity depends on the level of aggregation and network
size/order (number of nodes/edges), since dynamic community detection needs to run a clustering algorithm on each
snapshot. The computational cost at one snapshot does not depend on the change between the current and past
snapshots.
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FIGURE 14 The five zones of the Italian power grid network. (a) Spectral clustering with k-means, (b) spectral clustering with k-depth

with L1, (c) spectral clustering with k-depth with MhD. The k-way expansion, a performance metric in spectral clustering (a lower k-way

expansion indicates a better clustering algorithm), of these three algorithms are 1.95%, 1.65%, and 1.75%, respectively. Reprinted figure with

permission from Dey et al. (2017)
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More definitions of the dynamic network could be found in Holme and Saramäki (2012), Viard et al. (2016), Latapy
et al. (2018), and Rossetti and Cazabet (2018).

8.1 | Dynamic community and community operations

The aim of community detection in dynamic networks is to identify and track the evolution of community structures.
The first step is to define what a dynamic community is. Given a time-evolving network, a dynamic community can be
defined as a collection of nodes and corresponding time durations, that is, (v1, P1), (v2, P2), …, (vn, Pn), where Pn = ((ts0,
te0), (ts1, te1), …, (tsN, teN)), tsi < tei, i = 1, 2, …, N.

Community tracking then focuses on the evolution of entities and their interaction, that is, appearance and
vanishing of nodes and edges. Palla et al. (2007) and Cazabet and Amblard (2014) outline the following eight
operations:

• Birth: the first appearance of a new community;
• Death: the vanishing of an existing community;
• Growth: the size of a community increases;
• Contraction: the size of a community decreases;
• Merge: two or more communities merge into a single one;
• Split: a community splits into two or more communities;
• Continue: the size and order of a community remain unchanged;
• Resurgence: a community appears again after vanishing for a period.

Following Rossetti and Cazabet (2018), current algorithms for dynamic network community detection can be largely
classified into the following five categories:

Instant-optimal community detection: This class of approaches focuses on the current state of the network at time
t and identifies communities existing at t. Typically, two steps are included in this process. First, static communities are
detected at each snapshot of the time evolving graph. Second, communities detected at the current snapshot are aligned
with communities found in snapshots at earlier time points. These approaches allow for the direct incorporation of
methods for static community detection into the analysis of time-dependent networks. Furthermore, parallelization
of community detection at each timestamp can lead to substantial gains in computational efficiency. However, such
approaches suffer from instability since the same algorithm may identify very different communities in the adjacent
time snapshots of a time-dependent network, as a result, leading to challenges in distinguishing between the changes
due to community evolvement, anomalies, and intrinsic algorithm uncertainties.

With the idea of instant-optimal community detection, Bourqui et al. (2009) focus on dynamic connections and hid-
den hierarchical structure, while B�ota et al. (2011) propose an extended approach that can efficiently handle commu-
nity detection and community events in large networks. In turn, Br�odka et al. (2013) develop group evolution discovery
with the change indicator called inclusion measure. Martinet et al. (2020) propose a robust dynamic community detec-
tion algorithm for human brain functional networks based on the percolation method.

Temporal trade-off community detection: This class of methods focuses not only on the current network structure
but also on the topology of the past network evolution. That is, these approaches utilize communities found in previous
steps to identify communities in the current step. The following iterative steps are used in the category. First, initial
communities are found based on the initial state of the network. Second, as time goes by, extract communities at the
current state using both current network data and communities found in previous steps. This class of methods embeds
previous information into the community detection, as a result, they are able to mitigate the instability concerns in
instant-optimal approaches. However, parallelization of community detection at each state is challenging since the out-
puts at each step are related. Moreover, the community may drift due to the involvement of other states. Among contri-
butions that use temporal trade-off methods for community detection are, for instance, Görke et al. (2010) who
integrate modularity and derive a tight bound on the number of operations and Bansal et al. (2011) who discuss a fast
community detection algorithm based on historical community information. In turn, a game-theoretic approach where
community structure evolves until the game reaches the Nash equilibrium is proposed by Alvari et al. (2014).
Zakrzewska and Bader (2015) consider a dynamic seed set expansion, with updating communities as the graph evolves.
Finally, Messaoudi and Kamel (2019) propose a multi-objective algorithm for community detection on dynamic
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networks, which simultaneously optimizes the modularity density and the normalized mutual information of the solu-
tions as objective functions.

Cross-time community detection: This class of approaches focuses on identifying communities with the consideration
of the whole network evolution, that is, a single classification/clustering for all time steps. First, a single network is cre-
ated by aggregating all evolving information. Second, a static community detection method is applied to the created net-
work. This process will filter out local outliers, anomalies, and slow evolvement through multiple aggregations, as a
result diminishing the effect of algorithm instability and community drifts. However, this category of methods is inap-
plicable to address community detection in real time since the community identification is based on a single aggregated
network. Examples of cross-time community detection include Duan et al. (2009) who study weighted and directed net-
works, Aynaud and Guillaume (2011) who focus on a unique decomposition that is connected with every time step,
Ghasemian et al. (2016) who explore theoretical properties such as accuracy and limits of detectability, and Liu
et al. (2018) who propose a global spectral clustering by eigenvector smoothing.

Stochastic block model based community detection: This method is proposed as a temporal SBM in which interactions
between nodes evolve and have certain time periods (Corneli et al., 2016; Karaaslanli & Aviyente, 2020; Pensky &
Zhang, 2019). Time intervals are divided into subintervals of fixed identical duration. The idea is to classify subintervals
into homogeneous interaction patterns. Integrated complete-data likelihood is used for optimization, and the greedy
search approach is employed to identify the number of nodes in a cluster, time intervals, and node memberships. The
model proposed by Matias and Miele (2017) combines static parts in SBM and Markov chains to track the evolution of
communities, allowing group membership and connectivity parameters to vary over time. Here model parameters and
the resulting partitioning of nodes are performed using the variational expectation maximization procedure, and the
numerical results indicate performance gains both in terms of accuracy and interpretability.

While originally methods for community detection in dynamic networks (arguably) have largely focused on social
network analysis (Dakiche et al., 2019; Leitch et al., 2019; Nguyen et al., 2014; Oliveira & Gama, 2012; Palla et al., 2009;
Rossetti & Cazabet, 2018), the discovery of community structure in time evolving graphs continues to gain popularity
in many other disciplines, from finance to transportation systems to such less explored areas for network analysis as
medicine and epidemiology. For example, Wong et al. (2018) investigate underlying mechanisms in disease progression
by studying a dynamic graph which consists of genes and their interactions. In particular, Wong et al. (2018) evaluate
how density and pattern of gene interactions evolve as disease progress with a goal to enhance our understanding of
which subgroups of genes tend to be associated with early/late development of the disease. If these genes are identified,
they may be considered as potential targets of treatment at different disease stages. To glean deeper insights into these
hidden interactions, Wong et al. (2018) propose a novel algorithm called SDREGION which identifies subgroups whose
density increase/decrease continuously over time. The objective function is then used to detect specific regions which
represent medical mechanisms of targeted pathways, integrins, and focal adhesions. Wong et al. (2018) also provide an
example of the application in the tumor progression in non-small cell lung cancer, and the results indicate that
SDREGION may assist in discovering intrinsic mechanisms behind disease dynamics. These findings open a door to
new research directions at the interface of community detection, epidemiology, and data science for network-based
omics applications (Holzinger et al., 2019; Leitch et al., 2019).

9 | FUTURE DIRECTIONS

Network clustering is one of the most actively developing research areas spanning a broad range of disciplines and
applications, from statistics and machine learning to social sciences, neuroscience, and finance. While there exists a
multitude of emerging research directions in network clustering, here we highlight two of them, namely, network clus-
tering with parallel computing and clustering on blockchain networks.

In particular, given vast amounts of graph structured data especially in data streaming scenarios, the more con-
ventional clustering algorithms described in this paper often become computationally expensive if not prohibitive
for large real-world networks. To address this limitation, nowadays, there has been a surge of interest in parallel
graph clustering algorithms which are based on the concept of parallel computing. For example, Pan et al. (2015)
propose a parallel correlation clustering for large complex networks. Meyerhenke et al. (2017) introduce a scalable
parallelization of the size-constrained label propagation algorithm for large complex networks clustering. Shun
et al. (2016) introduce a parallel local graph clustering, which can find good clusters in a network with work pro-
portional to the size of the cluster rather than that of the entire graph. A number of parallel clustering methods
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have also been developed to reduce the communication bottlenecks in supercomputing workloads. For instance,
Huo et al. (2019) propose a novel parallel clustering method for logs data to better serve network system and net-
work security. Dafir et al. (2020) summarize recent developments in parallel clustering methods in both the horizon-
tal and vertical scaling platforms.

In turn, the rapidly emerging blockchain technology poses a set of new challenging problems in network sciences
and clustering, in particular. First, in addition to sheer amounts of information to be analyzed, blockchain transaction
graphs are highly sparse and time-evolving, making application of many conventional clustering approaches infeasible
(Akcora et al., 2019; Akcora, Gel, & Kantarcioglu, 2020; Liu, Jiang, et al., 2020). Second, one of the primary goals of
cluster analysis on blockchain networks is to identify addresses which are managed by the same user, rather than to
group multiple users based on their similarity (Victor, 2020). The results of such cluster analysis, for instance, are of
high importance for law enforcement agencies in record linkage associated with money laundering detection on the
blockchain. This direction of network clustering yet remains in its infancy and requires developing of a new set of
methods and algorithms (Akcora, Purusotham, et al., 2020).

10 | CONCLUSION

Analysis of community structures in complex networks is one of the cornerstones of network sciences, spanning such
disciplines as statistics, machine learning, social studies, computer, and information sciences. Applications of commu-
nity detection are even more diverse, from biology and epidemiology to finance and marketing to cyber-security, power
grids, and critical infrastructures.

Given such a diverse set of methods and their application areas, no survey paper on community detection can be
exhaustive. The goal of our paper is to contribute to this very rich and constantly evolving body of knowledge by provid-
ing an overview of some recent emerging directions in community extraction approaches and by offering a broader pic-
ture of how these interdisciplinary tools and algorithms are interlinked methodologically.
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